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An Adaptation of the
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The adaptation of the lattice-gas model to embody features possessed by
water is further explored. On the basis of Martin’s functional derivative
formulation of Ising problems, a perturbation scheme is developed which
allows calculation of the free energy to any desired order in the interaction
potential at fixed density. The free energy correct to second order in the
interaction strength is utilized here for calculation of other thermodynamic
properties of the model. With reasonable choices of values of the interaction
parameters these thermodynamic properties of the model can be brought
into agreement with those of real water.
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1. INTRODUCTION

In a previous paper,® hereafter referred to as III, we utilized a generalization
of the lattice-gas model of Lee and Yang® for approximate calculations of
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some properties of water. In earlier papers,®* hereafter called I® and 11,
we presented a series of considerations, largely concerned with the phase
transitions bounding the liquid phase, which clearly point to a particular
physical model for the liquid phase. According to these considerations, the
condensation process, which differentiates the liquid from the vapor, is a
long-range “ordering” process of aggregation to form a random network (of
hydrogen bonds in the case of water) of macroscopic size (*“gelation”), and
the melting process, which differentiates the liquid from the crystal, is a long-
range disordering process of randomization of the locations and sizes of the
smallest (i.e., the non-short-circuited) closed loops of hydrogen bonds (H
bonds) in the network. These processes are shown in I and I1 to be individually
highly cooperative and therefore to be capable of manifestation as two distinct
first-order phase transitions. It is also indicated in I that these would be
expected to coalesce into one transition (sublimation) at low pressures.

Since these cooperative processes involve changes in long-range, rather
than short-range, order, the suggestion that they are indeed the basis of the
two phase transitions (melting and boiling) is compatible with the modern
interpretation of phase transitions and critical phenomena (see, e.g., Ref. 5),
which has been gleaned in particular from studies of Ising models. A form of
short-range order is, of course, imposed on liquid water (as well as the crystal
and also the dense gas) by both the short-range and directional nature of the
H-bond interaction, which respectively tend to fix the lengths of H bonds and
fix the angles (approximately tetrahedral) between any two H bonds emanating
from a common water molecule. Nevertheless, those older interpretations of
the liquid phase that attribute the essence of its difference from gas and crystal
to its possession of short-range order cannot be correct, since short-range
ordering processes cannot by themselves yield first-order phase transitions
(with latent entropy changes).

Thus the model for liquid water to which the considerations of I and II
have led is that of a random, internally mobile network (or ““ gel””) of H bonds.
The mobility is ascribable to the fact that in this gel of H bonds, as distinct
from chemically polymerized gels, the internal bonding is reshuffled in times
of the order of 10~ sec. Simple liquids may be analogously interpreted as
internally mobile ““gels” of van der Waals “bonds.”

It should be noted that this picture of liquid water, which was obtained
in I and II by consideration of the phase transitions bounding the liquid
phase, is essentially the same as that obtained from molecular dynamics
simulations of the liquid itself by Rahman and Stillinger.®

~ With the unmodified Lee-Yang lattice-gas (Ising) model, however, no
distinction can be made between a randomly aggregated “gel,” i.e., liquid,
and a systematically interconnected array of rings the non-short-circuited
members of which are of uniform size, i.e., crystal, for the lattice-gas model
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itself imposes an element of crystallike order on the phases it displays, both

its aggregated (i.e., condensed) phase (liquid or crystal according to one’s

taste) and its vapor phase. Thus the unmodified lattice-gas displays only one
phase transition.

The modifications presented in IIT to the lattice-gas model not only
introduce the possibility of accounting, approximately, for the effects of
molecular rotational degrees of freedom, but also introduce the possibility of
distinguishing between a phase possessing full crystalline order and one which,
though aggregated to macroscopic dimensions (i.e., ““ gelled ), is significantly
less ordered. Specifically, these modifications utilize a lattice (body-centered
cubic, bee, is convenient for water) which is composed of more than one
sublattice (two tetrahedral ones in the case of the bee lattice) and allow for a
variety (albeit a discrete set) of molecular orientations on each lattice site.
Half of these orientations correspond to participation in one sublattice, the
remainder to participation in the other. In the less ordered condensed phase
(“liquid”’) a network or ““gel” of connected (via H bonds) molecules wanders
over both sublattices. In the more ordered condensed phase (“crystal”) alt
molecules are on sites defining one sublattice, an arrangement which permits
maximum intermolecular bonding.?

In III the mean field approximation (MFA) was shown to give the
correct critical temperature with a reasonable value of H-bond energy. Exact
calculations of the second and third virial coefficients were also presented.
The second virial coefficient could be placed in excellent agreement with
experimental results with a reasonable choice of interaction energies. The
agreement with the experimentally determined third virial coefficient was
poor, however.

In this paper we further explore properties of the modified lattice gas
(MLG). A formalism is developed from which properties of the model can
be calculated to any desired degree of accuracy. The thermodynamic proper-
ties of a second-order approximation (SOA) to the model prove to compare
favorably with those of water. This SOA, which is the simplest correction to
the MFA, not only gives thermodynamic properties which agree reasonably
with experiment, but gives a density maximum as well.

In Section 2 the general formalism is introduced. The SOA and random
phase approximation (RPA) are derived. In Section 3 the thermodynamic
properties of the SOA are calculated and compared with experiment.

2 If the two-sublattice modification of the Lee~Yang model is introduced alone, that is,
without the modification that allows for rotational degrees of freedom of the water
molecules, as might be appropriate for a treatment of simple liquids, then one can still
have a liquid-solid (as well as vapor-liquid) transition provided one still allows intra-
sublattice bonding to be stronger than intersublattice bonding, perhaps as a conse-

quence of differences in the corresponding near-neighbor distances. Such is, in fact,
precisely the classical model for melting due to Lennard-Jones and Devonshire.™
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2. FORMALISM

In this section we introduce a formalism which facilitates calculation of
the properties of the MLG (or with appropriate change of indices, any Ising-
like) model. This formalism involves functional derivative techniques which
have proven useful in a number of branches of classical and quantum
physics.® Our presentation is based on the treatment of the classical fluid
problem and of the Ising model given by Martin* and somewhat on the
fully renormalized formulation of statistical mechanics given by Denomini-
cis*® and Denominicis and Martin.*

In order to invoke the functional formalism, we must introduce an
arbitrary external one-body potential into the MLG Hamiltonian presented
in Eq. (1) of IIL. The modified Hamiltonian is

H— uN =KE. + > [U™ + USR) — pln(R)

o, R

+3 > VR — RO, R, (R )

Here R labels a lattice site and « labels any one of the 12 molecular orientations
each of which points both OH groups and both “lone pairs” toward nearest
vertices of one of the tetrahedral sublattices of the bec lattice; n,(R), which
possesses only the values zero or one, is the number of molecules at lattice
site R in orientation «. The ““one-body potential” U™* 4 UZ*%R) is assumed
to consist of the “internal kinetic energy”® (of rotation, vibration, etc.)
U™ and the external potential Ug*%(R); p is the chemical potential; and
Vew(R — R’) is the potential energy associated with the two-body interaction
between molecules in orientations « and o' separated by distance vector
R-R.
The variables n,(R) are constrained by the condition

0 (empty site)
R) = . 2
Z n(R) {1 (occupied site) @
The potential energy is such that for a nearest-neighbor separation
—-FE if «e” correspond to orientations
that permit H bonding
— if rotation of a single molecule
Vaa’(s) = o £ (3)

permits H bonding
—e€, if rotations of both members of the pair
are necessary to permit H bonding

3 Functional derivative techniques in quantum field theory were first used by Schwinger,®
These techniques were applied to nonrelativistic many-particle systems by Martin and

- Schwinger.®-* The Martin—Schwinger techniques were discussed and developed
extensively by Kadanoff and Baym.®? Also see the review by Stell.*®
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V'is assumed to vanish at separations other than nearest-neighbor separations.
The explicit form of the potential matrix is given in the Appendix of III.

It is convenient to use a shorthand notation for indices which will usuaily
appear together. For example, the combination «,, R; will be denoted by just
the label 1. With (1) the grand partition function takes the form

exp[W(u, $)] = Tr exp[a(Dn(1) + 34(12)n(1)n(2)] 4

where we have introduced the dimensionless one- and two-body potential
variables

u(l) = —BlU,, + UsF(R,) — p] . (5a)
¢(12) = _;BVotl,az(Rl - Rz) (Sb)

and
aD)=u(l) + InZ {(5¢)

Z is v,/X%, where v, is the volume of the unit cell and A = (BAh2/2mm)*2 is the
thermal wavelength (B, In, and m have their usual meanings). The factor A
arises via treatment of the translational kinetic energy and assures that the
translational kinetic energy is always 3kT per molecule. The symbol Tr
denotes a sum over all allowed states of the system, i.e., over all sets of values
of the variables n,(R) that are consistent with (2).

In Eq. (4) and in subsequent equations a summation convention is
employed for repeated indices.

We use W(u, ¢) as a generating function for correlation functions of
the density. For example, we obtain by differentiation

. n(l)y = e ¥ Ea(—l—)ew (6a)
D) = eW —0— 9 ow 6b

n(Dn(2)) = e mme (6b)

(1) )y = 7 o L g (6)

o)) 2uG) ©
As is customary, we define the cumulants by

G i) = %%_) %(1) W(u, $) 0

The correlation functions (6a)-(6¢) are related to the cumulants by

(1)) = G(1) (8a)
<n(n(2)y = G(DHG(2) + G(12) (8b)
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and
<a(Dnn(3)> = GAHGR)GA) + G(HG(23) + G()G(13)
+ G(3)G(12) + G(123) (8¢c)
The thermodynamic potential is especially easy to evaluate when the

two-body potential ¢ vanishes. The nonuniform generalization of (5) of
11T is

W(u, 0) = RZ ln(l +Zy e”‘l)) ©)

(9) clearly reduces to (5) of III when U®** = 0.
The cumulants are easily obtained by differentiation. In particular the
average density of water molecules at site R, having orientation «; when
¢ = 0 is given by
Z[exp u(1)]
{1 + Z % expluz(Ry)]}

Go(l) = (10)

We see that G, at a given site R; and orientation «; does not involve the
potential at sites other than R; but does depend on the potential correspond-
ing to various orientations.

For many purposes it is convenient to eliminate the one-body potential
u as a variable in favor of the one-body density G. This can be accomplished
by means of a Legendre transformation. To see this, we observe that

(au(f_“; Pal;(z))d, = G(12) = (1) — GW][Q2) — G  (11a)

and

2w )
(3[%95(12)] 343N/
= {[n(Mn(2) — <n(Dn(2)>][rB)n(4) — <n(3)n(4)>1> (11b)
are elements of positive-definite matrices. It then follows that second deriva-
tives of W with respect to {16(12) + [1/A(3)]u(3)} for arbitrary A(3) are
positive definite. If we choose A such that the fluctuation is minimized, then
we can show that

PW )
(3[%¢(12)] o[34(34)] )«
_ 2w ouS) ou6) W
dte(12)] ou(S) W o[34(34)] 2u(6)
= G(1234) — G(125)G~1(56)G(634)
+ G(13)G(24) + G(23)G(14) (12)
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is positive definite. In (12) we have denoted the matrix inverse of the two-point
cumulant by
- ou() _ ou(l) 8u(2) 2w -1
1 _
Gi(12) = (8G(2)) =W D) 6u) ) s (13)
We define the (dimensionless) free energy by a Legendre transformation
on the thermodynamic potential:

F(Gy, ) = = W(u, ) + u(1)G(1) (14)
The natural variables for the free energy are the density and the potential, since
(%’QL = u(l) (150)

and
(%%)G = —G(12) - GI)GQ) (15b)

Equation (15a) is a statement of the single-particle renormalization expressing
the one-body potential as a function of the density and the potential. The
second derivatives of F are indefinite, since

0°F o)\ .,
(fﬁ_G(l)_WQ)) (aG(z)) (12) (16a)
is positive definite, while
o°F __(e6a N\ _
SHHIDT BHGH] (a[%¢(34)])a1 [rhs of (162)]  (16b)

is negative definite.
The free energy can be easily obtained when the two-body potential
vanishes. With use of (10) we can see that

u(1) = ln{Go(D/( |- 3 GW(RQ])} a”
Thus using (9) and the definition of F, we obtain
F(Go, 0) = Go(1) In Go(1)
-> [1 -> Go(l)] ln{l -> G0(1)] - G InZ (18)

We can now obtain a closed equation for F by integration of (15b) with
respect to ¢. It easily follows that

FG,$) - F©.0) = | ds & 1(G, 5$) = fo ds T 412)

= —31G(1)¢(12)G(2) — %f: ds G(12, s)$(12)  (19)
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But using (16a), we can write G(12, n, s¢) in terms of a second derivative of F
with respect to the density:

_ ) 9G(1) 0G(2)
F(G, ¢) = F(G,0) — 1G(1)$(12)G(2) — f ds —spimry F(G, 59) $(12) (20)

Equation (20) is the desired equation for the free energy. It in principle
uniquely determines F and can be used for calculation of F to any finite order
in perturbation theory.

So far every equation in this section is exact. Obviously, exact solution
of (20) is impossible. This equation is only useful if meaningful approxima-
tions can be obtained from it. As we shall see, such approximations can be
readily obtained by iteration. The MFA as discussed in III is obtained, for
example, by neglecting the fluctuation (integral) term in (20):

Fusf(G, $) = F(G, 0) — 3G(1)$(12)G(2) ey

We can obtain the equation of state by calculating the thermodynamic
potential W = PSV as a functional of G and ¢. From (15a)

< Ol ) _ G
0~ =56y 1“(2[1 =3 G|

Substituting this into (21), we obtain

) _H1D6Q)  (22)

Wk Gi) = = In[l =S G(l)] CIG0MI6R) ()

In equilibrium this reduces to (12) of III for the mean-field equation of state.
We obtain corrections to MFA by treating the (functional) integral in
some approximation. This can be done easily by differentiation of (22):

(%L = G5 (12) — $(12) = Gz#a(12) (24)

The inverse of (24) is called the random phase approximation (RPA) to the
correlation function. If one expands Ggp, to the order in which it can be
literally believed (first order in ¢),

G(12) & Go(12) + Go(13)$(34)G(42) (25)
substitution into (19) yields
FoG, ¢) = Fni(G, ) — 2Go(13)$(349)Go(42)$(12) (26)
where we have used ¢(11) = 0.
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We call this the second-order approximation (SOA) to the free energy,
since it is correct to second order in the potential at fixed density.

We can obtain the corresponding equation of state by differentiation of
(26). The resulting expression for the thermodynamic potential is

WoG, $) = W,(G, ) — $G(1)[0G«(53)/6G(D]$(34)Go(42)$(52)  (27)
+ 1Go(13)$(34)Go(42)4(12)

In equilibrium (27) gives the second-order correction to (12) of III. Detailed
discussion of this equation of state and its agreement with experiments on
water will be left for Section 3.

In deriving (26) we expanded Gyps only to lowest order in the potential.
However, we notice that the (functional) integral in (19) can be performed
analytically if we substitute Grpa for G. This integration yields

Frpa(G, ¢) = Fuy(G, ) + $ tr1n[3(12) — Go(13)$(32)] (28)

where the logarithm is defined by its power series expansion and the trace is
taken over all the matrix indices.

Expression (28) will be referred to as the (RPA) free energy. In Appendix
A we indicate how the RPA can be used in quantitative calculations. In
particular, we show how to calculate Ggrp, analytically.

A word of caution is in order here. One must be very careful in using the
RPA as an approximation to be compared quantitatively with experiments.
In particular, a catastrophe in its critical region is well known.® The cause
of this catastrophe is easily seen from examination of (28) and (A.14) of
Appendix A. F,; is singular at the mean-field critical point. Additionally, as
follows from the analysis in Appendix A, the argument of the logarithm in
(28) goes through zero at the mean-field critical point. However, the condition
for a critical point (i.e., 8°P/én? = 6P/én = Q) is satisfied at some lower
temperature. Thus, there is a region between the MFA critical temperature
and the RPA critical temperature where the free energy and the pressure are
no longer single-valued rea/ functions.

As we shall see in the following section, there are no such difficulties in
the SOA. For this reason and for computational simplicity, we will use the
SOA for our quantitative calculations.

3. THERMODYNAMIC PROPERTIES OF THE
SECOND-ORDER APPROXIMATION

In this section we quantitatively explore the SOA. In equilibrium (26)
reduces to

_L _p4

f=m =S =n ln% + (1 —n)In(l — n) — n?B, — 3n°Bs — 1n*B, (29)
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where N, is the number of lattice sites, and
B, = B + AB,
BY' = 4(§Be; + 4Bes + 4BE)
AB; = 2[§(Ber)* + H(Ber)® + HBE)]
By = —8[}{(Ber + Pea)® + §(3Ber + IBE)]
and
B, = 6(3e1 + 1Be; + $BE)?

From (27), or by direct differentiation of (29), we obtain the equation of state
PBv, = —In(1 — n) — n2B, — n®B; — n*B, (30)

The energy is obtained by differentiation of (29) at constant volume. If

1000
€
s
o
T=1000°K
500 Tc=912.3
T=750°K

o T=373°K |

() © n 1

Fig. 1. (a) Pressure vs. lattice density phase diagram for the SOA to the model with
energy parameters E = 4.58 kcal/mole, ; = 0.915 kcal/mole, and e, = —1.19 kcal/mole.
(b) Expanded view of the circled region of (a), showing the peculiar behavior of the
liquid side of the coexistence curve in the 0-100°C range.
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we allow the lattice to expand with temperature to maintain the correct
nearest-neighbor distance, we must differentiate this dependence in calculating
the energy. However, for simplicity we neglect this dependence in this section.
The expressions, corrected for the lattice expansion, for the energy, entropy,
and specific heats are given in Appendix B along with the assumed tempera-
ture dependence of v,.

With neglect of the lattice expansion, the energy, entropy, compressibility
and specific heats are as follows.*

% We also should include the effects of internal motion of single water molecules on the
thermodynamics. This can be accomplished by adding a term fin, to the free energy (29).
For our calculations we have used the rotational free energy

e = — 1 I[(@22]2)(T3]0,40505)"%]

where 6, = A*(2Lik), the I’s being the corresponding principal moments of inertial
of the water molecule.

T=373°K
£ T=353°K
S 5
a
T=334°K
T=273°K
o === T 1
~805 81 . 814

(b) n
Fig. 1. Continued.
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Energy:
Be = B&[Ny = B(2f]0B)n
= 3n — n*(B, + AB,) — n®*B; — n*B, 31
Entropy: "
s = S/kNy, = Be — f
=3n—nln(®m/Z) — (1 — n)In(l — n) — n2AB,
— 1n®B, — in*B, (32)
Isothermal compressibility:
n 0PBv,Jon = [1/(1 — n)] — 2n®B, — 3n°B; — 4n*B, (33)
Specific heats:

neyJk = 2n + 212 AB, + n®B; — 4n*B, 34)
¢ _ G, [n(@s/on)r — sT?
"% "% ¥ n@PBvon), (33)

where
n(8s/on)y = 3n — nIn(w/Z) + nIn(1 — n) — 2n®> AB, — 3n°B; — #n*B, (36)

In Fig. 1 the pressure vs. (lattice) density phase diagram for the model is
plotted for E = 4.58 kcal/mole, ¢; = 0.915 kcal/mole, and e, = —1.19
kcal/mole. These values are chosen to give a boiling point at 1 atm of 100°C
with the best possible liquid density obtainable with reasonable values of the
parameters. As in III, we assume that the nearest-neighbor distance is a linear
function of the temperature and choose the lattice size to fit the known (from
X rays) nearest-neighbor distance for water. The liquid density at 1 atm and
100°C is #» = 0.81217, which converts to p = 1.323 g/cm® when multiplied
by the mass of a water molecule and divided by the unit cell volume. This is
larger than the experimental value of p = 0.958 g/cm®. We believe that this
discrepancy results because the second-order approximation is not sufficiently
sensitive to the strong angular correlations. Nevertheless, this result is a
significant improvement over the MFA. The phase diagram for the MFA
with the same values of the parameters is shown in Fig. 2 for comparison.
It is seen, for example, that the coexistence pressure at 100°C is 30 atm. To
obtain a 1 atm coexistence pressure, it is necessary to multiply each energy
parameter by 1.7. Clearly, this would imply too large a value for the H-bond
energy (~8 kcal/mole). If this is done, however, the corresponding liquid
density discrepancy becomes worse (calculated p = 1.628 g/cm?®). The density
of the vapor is reasonably good in either case (see Table I), since this density
is sufficiently low that the vapor is nearly ideal.

The critical temperature, critical pressure, and critical density obtained
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1000
Te =850.7
T=
1000°K
T=750°K
E
5 500 |-
a
T=373°K
O §

-5 !
n

Fig. 2. Pressure vs, lattice density phase diagram for the MFA to the model for the same
values of the energy parameters as in Fig. 1.

in this SOA (SO II) to the model are all too high (see Table II). If we scale
the energy parameters by a factor of 0.709, we obtain the correct critical
temperature, a better critical pressure, but a worse critical density. This
scaling, of course, would result in a boiling point at 1 atm which would be
too low. The observation that the H-bond energy which will fit the critical
temperature is less than that required to fit the boiling point suggests a major

Table I. Coexisting Densities at 1 atm Pressure®

Experiment MFA SOA
pL, gfcm?® 0.958 1.629 1.323
pv, glem? 0.598 x 10-3 0.591 x 10-3 0.593 x 10-2

2 The SOA values are obtained with E = 4.58 kcal/mole, ¢, = 0.915
kcal/mole, and e, = —1.19 kcal/mole. The mean field values are ob-
tained by multiplication each of these parameters by 1.74.
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Table Il. Critical Thermodynamics®

Experiment MFI MFII SO1I SO1I
pe, glem?® 0.325 0.688 0.612 0.412 0.353
P, atm 218 783 873.4 321.3 478.5
Te, °K 647 647 850.7 647 912.3
Ze = (PoBeclpc)m 0.230 0.386 0.386 0.327 0.327

& The MF II values and SO 1I values are calculated with E = 4.58 kcal/mole, ¢; = 0.915
kcal/mole, and e; = —1.19 kcal/mole. These were used for comparison with thermo-
dynamic properties in the 1 atm, 0—-100°C range. The MF I and SO I values are chosen
to fit 7, by scaling these values by 0.761 and 0.709, respectively.

VAPOR PRESSURE
o
T

Ox/x >|( 1 1 1 1 i 1 1 1
O 10 20 30 40 50 60 70 80 90 100
T

Fig. 3. Vapor pressure of the model in the SOA vs. temperature compared with experi-
ment (x), using the parameters of Fig. 1.
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defect of a lattice model. One cannot hope to treat accurately the interactions
between molecules in terms of temperature-independent parameters, especially
when the nearest-neighbor distance is allowed to grow as a function of
temperature. Clearly, the interaction energies should really be *“free energies”
which involve averages over intermolecular vibrations® and distances.

In Fig. 1(b) the 0-100°C liquid region is expanded. We see a definite
maximum in the coexistence density as a function of temperature (or pressure)
at 61°C and 0.25 atm. This is a necessary condition for the liquid to show a
density maximum at fixed pressure. We therefore expect similar behavior of
the liquid-vapor coexistence curve for real water in the neighborhood of 4°C
when this curve is extended into the supercooled (with respect to crystalliza-
tion) region.

In Fig. 3 the variation of vapor pressure with temperature for the model
is plotted and compared with experiments.*® The agreement with the
experimental results is reasonably good.

With use of the assumed temperature dependence of the nearest-neighbor
5 An approach to intramolecular vibrations has been given by Porosoff *® within the

context of the ““gel” model introduced in 1. He found that the thermodynamic proper-

ties of the liquid phase are particularly sensitive to these vibrations. A different approach
to this has also been given by Fleming.®?

"4\ |
9
13+
>
[ 8fF
n
zl2f
w
a 7 -
[2]
(2]
< n
= LIF
6
I
'~°r“\ 5
4 DS R I O I Y I SO
9 S e NP "0 10 20 30 40 50 60 7O 80 90 (00
0 10 20 30 40 50 60 70 80 90 (00
(a) T (h) T

Fig. 4. (a) (Top curve) A plot of the mass density of water molecules calculated from the
SOA to the model with the parameters of Fig. 1 vs. temperature at 1 atm, compared with
a plot of the experimental mass density (bottom curve). (b) Lattice density vs. tempera-
ture at 1atm. The top curve, calculated from the model, shows a maximum at 61°C,
while the “experimental lattice density” (bottom curve), obtained by multiplying pexp
by v./m, shows a maximum at 80°C.



366 Paul D. Fleming Ill and Julian H. Gibbs

distance, it is easy to invert (30) numerically to obtain the density versus
temperature at 1 atm. The mass density of water obtained by multiplication
of the lattice density by mj/uv. is plotted versus temperature and compared
with experiment“® in Fig. 4(a). We see that the calculated density is too large
by a factor ~1.4 and should be a maximum somewhere below 0°C. How-
ever, the lattice density vs. temperature curve has a maximum at 61°C, as
seen in Fig. 4(b). For comparison, the effective “lattice density” of water,
obtained by multiplying the mass density by v./m, is also plotted and shows a
maximum at 80°C. Since the maxima are so broad, we regard the agreement
in the position of the maximum to be surprisingly good. It is most surprising
that a density maximum is obtained at all in this simple approximation.
Knowing the density as a function of temperature at 1 atm, we can
calculate the temperature dependence of other thermodynamic functions at
this pressure. In Fig. 5 we plot the Gibbs and Helmholtz free energies and the
energy vs. temperature. In Fig. 6 we plot the entropy vs. temperature. The
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Fig. 5. Energy and free energies from the SOA and parameters of Fig. 1 vs. temperature
at 1 atm compared with experiments (x).
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experimental values were obtained from tables compiled by Dorsey.?® Since
his zeros of energy and entropy correspond to those of a perfect ice crystal,
we have shifted these quantities by constant amounts obtained from the
assumption that our results are correct for the vapor phase at 373°C. This
assumption is certainly very good, since the vapor density is so low that only
the free-particle (ideal) contribution is important. The agreement with the
numerical values of the free energies is very good. The agreement with
derivatives of free energy (entropy and energy) is, of course, worse than the
numerical agreement with the free energy itself. The agreement with the
second derivatives of the free energy, the specific heats (Fig. 7), are fairly
good, but the compressibility (Fig. 8) is in disagreement with experiments by
Kell®Y by a factor two. Since the liquid density calculated for the model
is too large by 407, it is surprising that we obtain thermodynamic properties
which agree as well as they do with experimental results. These calculations
definitely encourage further work on the MLG in search of a better approxi-

50

40}

o
le]
T

S cal/mole -deg

ny
o]

0 L I SR SR T L 1 1 L I
O 10 20 30 40 50 60 7O 80 90 100 110 120 130
T

Fig. 6. Entropy from the SOA and the parameters of Fig. 1 vs. temperature at 1 atm
compared with experiments (x).
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Fig. 7. Specific heats vs. temperature from the SOA and the parameters of Fig. 1 at
1 atm compared with experiments (x ).
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temperature compared with experiments ().
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mation, which should include both higher-order corrections to the treatment
of the configurational problem and a reasonable treatment of intermolecular
vibrations.

In order to understand the correlations included in the SOA, we look at
the pair correlation function consistent with it. This can be obtained directly
from (25). Thus we have

G(HGQ) + G(12) = G(Dg(12)G(2)
= G(1)G(2) + Gy(12) + G,(13)p(34)Go(42) (37)
We see that the pair correlation function consistent with the SOA is correct
to first order in the potential.
Using the representation of the interaction given in III, we can easily

obtain the value of the correlation function corresponding to the different
kinds of relative orientations. For H-bonding orientations we have

gus = g11-11(8:") = 1 + BE — nBRE + 3e1) + 4n*(5Be; + 2Be; + BE) (38a)
for €, orientations (two kinds)
&' = g11-14(8,") = 1 + Be; — n(3Bey + 1BE)

+ 1n%(58e, + 2Be;, + BE) (38b)
g1 = guu@) =1+ Be; — n(zBe; + *PE + 1BE,)
+ in2(5B¢; + 2PBey + BE) (38¢c)

g1 = 38t + $8.°

=1+ ey — n(35Pes + YoBE + 4Bes) + §n*(SBe; + 2Be; + BE)  (384)
and for the e, orientations
g2 = gu-11(811) = 1 + Bey — n(Bes + Peo) + §n*(5Pe; + 2Bey + BE) (38e)
Here we have employed the notation of the Appendix of ITI, in which the index
a (e = 1-12) is replaced by the pair of indices a,8 (@ = +1, 8 = 1-6).
The index a labels the two sets of tetrahedrally disposed nearest neighbors,
and 8 labels the six elements of the point group of a water molecule with
respect to the ath sublattice. In (38a) we have indicated components of the
correlation function gop,4 .

The average value of the correlation function is obtained by appropriate
summation over orientations. This averaging yields

& =38 + 382 + 48un
=14 1 — n)%(58e; + 2Be, + BE) (39)
The average number of nearest neighbors of a given type is obtained by

multiplication of the correlation function for that type by the density and by
the average number of nearest neighbors which can have the required
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orientation. By this method we obtain

Nup = ngug (402)
N; = 5ngy (40b)
N; = 2ng, (40c)

Neor = 8ng (40d)

In Fig. 9 we plot these quantities vs. temperature for the values of the density
corresponding to 1 atm. The total number of nearest neighbors is essentially
constant over this temperature range, as observed experimentally.®®® How-
ever, the number of neighbors we obtain, 6.8, is larger than the observed
value, 4.5%2, by about the same factor (~ 1.4) as was found for the density.
Thus, if the “correct lattice density™ is substituted into (40d), we obtain
essentially the observed number of nearest neighbors. More interesting, how-
ever, is the temperature dependence of the other types of neighbors. The rise
with temperature in the average number of non-H-bonded neighbors of a

T Niot

NUMBER OF NEAREST NEIGHBORS

Niot ~Nyg
AR SRR SR N PO RN SR SO M N SO e

®5 10 20 30 40 50 60 70 80 90 100
T
Fig. 9. Number of nearest neighbors calculated from the approximate correlation
function of the model as a function of temperature for 1 atm. N is the total number of
neighbors, Nus is the number of hydrogen-bonded neighbors, Ny is the number of
neighbors that interact by €;, and N, is the number that interact by €.
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typical molecule is combined with a corresponding decrease in its number of
H-bonded neighbors, while the total number of neighbors at the given
(typical) molecule remains (approximately) fixed and the density traverses a
maximum.

4. CONCLUSION

Although the SOA is the simplest correction to the MFA, it appears to
display some of the sensitivity to angular correlations expected in the model.
We have seen that this approximation is sufficient to show a maximum in the
density as a function of temperature both along the coexistence curve and at
1 atm. Although the liquid density is too large, surprisingly good agreement
with experimentally obtained values for other thermodynamic functions has
been found. A better approximation to the MLG might achieve even better
agreement.

An important point to note is that we started with a model which makes
no assumption of the existence of the liquid. We have shown that the model
possesses a phase transition which can be identified with the vapor-liquid
transition of water. This is to be contrasted with other “model” theories®
which also give good agreement with experiments in the very small (with
respect to the whole phase diagram—see Fig. 1a) PnT region corresponding
to 1 atm and 0-100°C, but are incapable of discussing phase transitions,
virial coefficients, etc.

The disadvantage of this model is its use of the lattice. One hopes that
ultimately a quantitative theory of water can be developed with full trans-
lational invariance and a continuous potential. With recognition of recent
progress in perturbation theory of liquids ®* this goal seems realizable in the
near future. In fact, progress is being made ?® toward a reasonable continuum
theory of water. The “gel” model yielded by the considerations of I and 1I
can potentially yield an approximate theory of liquid water which makes no
reference to a lattice (even for treatment of repulsions as in I and II). Never-
theless, at this time the calculation simplifications afforded by a lattice model
warrant further study of the MLG, especially in light of the resuits obtained
here.

APPENDIX A. EIGENVALUES AND EIGENVECTORS OF Ggpa
In this appendix we invert Eq. (24) by finding the eigenvectors of Ggifa.
In terms of the basis defined in the Appendix of III, (24) becomes
12 1
it () = = Saatdpst + T — #°0) — [$500) + 2] 8aar (A1)

¢ See Ref. 23 for a review of model theories of water.
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where
$OK) = Pe; > exp(—ik-8,%),  $2(K) = flez — &) > exp(ik-8,?)
and

Gupargr®) = > {exp[—ik-(R — RY}Gypa1R — RY)

R~-R!

Two eigenvalues can be found by inspection, since

]

aﬁalﬁl(k)‘)balﬁl(k) = {12 + 6[1

|
- 140~ | - 420 [prasc a2
where
) = (VTDOw + pe®8,.), = £1
$o(k) = 3B(E — ¢) > exp(—ik-8,})

and

(k) = arg{¢o(k) + 6[?512(1‘) + ¢°k) — 1 i n]}

The remaining eigenvalues in the subspace orthogonal to :° u = + 1 can be
obtained from the eigenvalues of ¢ in that subspace. This eigenvalue problem
can be stated as

Pasats(KWals(k) = $5 (W05 (k) = pda®)34(k)

A3
A=1-5 p=+1 (A-3)

The eigenvalues ¢, are real since ¢! is Hermitian and can be chosen positive.
If we consider the set of eigenvectors {A = 0-5, p = + 1}, then it follows
that

MK) Gl (KA1 K) = Ghr (K)S,,18,,1 (A4
where

200 = 2 4 6sm[ - #0)]

- 0 - 40|

Thus we see that the RPA correlation function can be determined in
terms of the eigenvalues of ¢. The eigenvalue problem is greatly simplified

] 400 = 680l 11
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if we notice that four of the eigenvalues are zero. It is easy to verify that

Ph (K)o = 0 for A=4,5 p=+1

where
2 0
-1 +1
-1 -1
af = U/VIDL 5 J8e  and =] o o (A9
-1 1
-1 -1

We project out the remaining subspace of eigenvectors in terms of the ortho-
normal vectors

aﬁ = (Saa/\/z) b aﬁ = (Saa/vz)

O OO =0
—_0 o = OO

—1
0
0
aB = (Saa/vz) 1 (A 6)
0
0
A=

It is easily verified that the vectors are orthogonal to the * for
In this subspace we obtain the projected matrix

Pabbapatsr NP5 = P2, ()P T

= 71 (k)35 gt (A7)
where
Ipok)  Ai(k) —Aq(k)
k) = Bri®)* = [ A4,(K)  Ipok) —Ak)
—Ax(K) —Ak)  Iho(K)
with

A(K) = B(E — e)[exp(—ik-3,*) + exp(—ik-3;")
— exp(—ik-65') — exp(—ik-8,Y)]

Ay(K) = B(E — e))[exp(—ik-8;) + exp(—ik-85?)
— exp(—ik-8,') — exp(—ik-8,%)]
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and

As(k) = B(E — ep)[exp(—ik-8,") + exp(—ik-8,")
— exp(—ik+8;") — exp(ik-6,")]

The eigenvalue problem (A.3) is transformed to
P21 (K) = phr(K)pds(k) (A.8)
where
Ak = YR(k)EE

Finally, (A.8) can be reduced to a 3 x 3 matrix equation, since it is
equivalent to

$5 R iEGK) = [SRPYK) (A9

Equation (A.9) can be solved analytically for the eigenvalues ¢* and the
corresponding eigenvectors, since the eigenvalue equation is cubic. If we
solve for the eigenvalues of $'¢~!, we obtain

[SA@)]* = 5ldoK)|* + 3[AK)[* + 3{4B)* + 3 4:E)[*
+ (DR%s1(k) + (D) 's2(K) (A.10)

where A = 1, 2, 3 label the three cube roots of one,

si(k) = {a"(k) + i[[al(k)]a _ ao(k)]l/z}us

2 27 4
with
ao(k) = 2 Re[B,(k)B;*(k)Be(k)] + B1(Kk)B:(K)Bs(k)
+ By(k)|Bs(k)|? + By(k)|Bs(k)|* + Bs(k)|By(k)|?
and
a;(k) = |B4(k)[2 + lBsﬂ()lz + !Bs(k)|2 — By(k)Bs(k)
— By(K)B;(k) — By(k)B,(k)
where

B,(K) = 3[|4:®)]* + [4:B)[* — 2[45(Kk)|"]
By(k) = 3|4 (®)]* + | 4o(K)[* — 2| 4:(K)]’]
By(k) = %[[A2(k)|2 + IAa(k)|2 - 2|A1(k)|2]
By(k) = % Rel[po(K)4:*(K)] + A45(k)45*(k)

By(k) = —% Re[po(K)4,*(K)] — A45*(K)4,(K)
Bo(k) = —% Re[po(K)ds* (k)] — 4:(K)4,*(k)
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The corresponding eigenvectors of ¢*¢ = are

&) = b,NK)/N,(K)

where
b *(k) = By(k)Bg(k) — {B:(k) — d[4.(k)]*}Bs(k)
b (k) = By(k)Bs(k) — {By(k) — 5[$,(k)]*}Be(k)
by(k) = {B1(k) — 3[pr(K)PHBa(k) — S[$.(K)]*} — [Bu(k)|?
with
3[Aa)]? = (1)*%s1(k) + ((1)*/%)'sq(k)
and

N®) = D b, ®)|?
In terms of these vectors we identify

Pik) = 3, K)dsr + phi"(K)S,-1] (A.11)
The RPA free energy can be evaluated by noting that the logarithmic
term in (25) can be written as

tr In[8(12) — Go(13)¢(32)] = tr In[G,(13)G ~(32)]
=1trln Gu(13) — tr n G71(32) (A.12)
Now in equilibrium
Goagats(k) = (12/n)3ea18551 + [1/(1 — n)] (A.13)

It is easily seen that the eigenvalues of G, are 1/n(1 — ») and 1/r (11 times).
Therefore

trIn Go(13) = — N, In n*?(1 — n) (A.14)
The second term in (A.12) can be obtained in terms of the G,,(k) as
1 d%k <
-1 _ = -1
trIn G(32) = Mo f G 2 InGa®) (A.15)
p=x1

Then Fpps can be calculated from G, (k) using (A.14) and (A.15).

APPENDIX B. EFFECT OF LATTICE EXPANSION ON
THERMODYNAMIC FUNCTIONS

In this appendix we indicate how the lattice expansion can be incorpor-
ated into the calculation of thermodynamic functions. The free energy F in
Eq. (29) is related to the (extensive) Helmholtz free energy A by

BANo = fime +J ®.1)

where f;,,; is the internal free energy discussed in footnote 4.
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The equation of state is unchanged, since its evaluation involves only
constant-temperature derivatives of the free energy with respect to the density.
Jiay does not contribute, since

Sint = 1(fine/ON)r (B.2)

However, we must include the lattice expansion in calculating the energy,
since it is related to the free energy by a temperature derivative. We can easily
show that

go — £dBA) _ B[a(f +fm)]n 4 (n (g‘)T _ f) olnv. s

~ N, dB oB on B
But n(offon) — fis just PBu,, so the energy becomes
4
= 3n — n? — g — B ~ py2ine.
Be = 3n — n* (B, + AB;) — n®B 3+ (PBv, — n) 7 p (B.49)

The factor —n &(ln v,)/o In B arises from differentiation of the explicit v,
dependence of Z in f.
The entropy is obtained in the usual manner from

s = pe ~f = fe (B.5)

The isothermal compressibility is unchanged, and ¢, is given (including an
internal contribution of k) by

v _ 2 3 n'B, _ — 82_113&
nk—3n+2n AB2+nB3+ 3 (Pﬁvc n)alnB2
os opPu, 2lnuv,
el o) R o

where

n3B3 n4B4

2 3

os\ R 2
n(éﬁ)r = 3n — nlni +nin(l — n) — 2n?AB, —
apPu, dInv,

+ [”( n )T - ”] aInp

B(@PBv./0B), = —n*(Bz + AB,) — n®B® — in*B,

and

c, is related to ¢, by (35), provided the corrected expressions for s and
n(0s/on), are used.

In all our calculations we have assumed that the nearest-neighbor
distance as a function of temperature is (in angstroms)

Ryw = 2.82 + 0.00061(T — 277) (B.7)
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This equation fits the experimental ?® Ry between 0 and 200°C. From this
dependence it is easy to calculate the derivatives of the unit cell volume with
respect to temperature:

dlnv, 0In Ryy _ 0.00183T

oln B =3%mT ~ Ry (B.8a)
and

*Inv,  2lny, olnv,\2

oInpz ~  oInf (8111/3) (B-8b)
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